Abstract. We show that if an irregular multi-generated wavelet system forms a frame, then both the time parameters and the logarithms of scale parameters have finite upper Beurling densities, or equivalently, both are relatively uniformly discrete. Moreover, if generating functions are admissible, then the logarithms of scale parameters possess a positive lower Beurling density. However, the lower Beurling density of the time parameters may be zero. Additionally, we prove that there are no frames generated by dilations of a finite number of admissible functions.
Introduction
Wavelet systems that form frames for L 2 (R) have a wide variety of applications. An important problem in practice is therefore to determine conditions for wavelet systems to be frames. Many results, including necessary conditions and sufficient conditions, have been established during the past ten years. For example, see [3] - [10] , [12] - [13] , [15] , [17] - [19] , and [21] . In [4] , Christensen, Deng and Heil studied the density of Gabor frames and proved that for a Gabor system {e ibnx g(x − a n ) : n ∈ Z} to be a frame for L 2 (R), the time-frequency parameters (a n , b n ) must possess a lower Beurling density no less than 1 2π . For the case of wavelet systems, however, no similar result has been found.
In this paper, we study density conditions for irregular multi-generated wavelet systems of the form {s 1/2 ,j ψ (s ,j · −t ,k ) : j ∈ J , k ∈ K , 1 ≤ ≤ r} to be frames, where r is a fixed positive integer, ψ ∈ L 2 (R), s ,j > 0, t ,k ∈ R and J , K ⊂ Z. We call s ,j scale parameters and t ,k time parameters for a wavelet system. For any 1 ≤ ≤ r, let S = {s ,j : j ∈ J } and T = {t ,k : k ∈ K }. Since S and T are sequences, repetitions of points are allowed. Let S = {s ,j : 1 ≤ ≤ r, j ∈ J }, i.e., S is the sequence obtained by amalgamating S 1 , . . . , S r . We write S = r =1 S for simplicity. T = r =1 T is defined similarly. Let ln S = {ln s : s ∈ S}. For any
With these symbols, the wavelet system {s
We show that if a wavelet system forms a frame for L 2 (R), then ln S and T are relatively uniformly discrete, or equivalently, ln S and T have finite upper Beurling densities. Moreover, we prove that if ψ are admissible, then ln S possesses a positive lower Beurling density. We also give an example to show that the lower Beurling density of T may be zero. Additionally, we prove that there are no frames generated by dilations of a finite number of admissible functions.
Notation and Definitions
f denotes the L 2 -norm for any f ∈ L 2 (R). #S denotes the number of elements in a set or a sequence S. x = max{n : n ≤ x, n ∈ Z} and x = min{n : n ≥ x, n ∈ Z} for any x ∈ R.
Γ is called relatively uniformly discrete if it is a finite union of uniformly discrete sequences. The lower and upper Beurling densities of Γ are defined respectively by Remark. After submitting this paper, we learned that Heil and Kutyniok [12] have simultaneously derived some interesting results on the density of weighted wavelet frames of the form {w(a, b)
is a weight function and Λ ⊂ R + × R is a sequence. However, their results are distinct from ours, and, in particular, we consider multi-generated wavelet systems. We also studied the density of wavelet frames with arbitrary sampling points in [19] . 
Main results
and there is some constant ∆ > 1 such that
which, in particular, implies that
Corollary 2.2. Let ψ , S and T be defined as in Theorem 2.1. If
T is also an infinite sequence. Remark. Olson and Zalik [16] proved that there does not exist any Riesz basis for L 2 (R) generated by translations of a single function. Moreover, Christensen, Deng and Heil [4] proved that there are no frames for L 2 (R) generated by translations of finitely many functions, which coincides with the first part of Corollary 2.2. The corollary above also shows that if generating functions ψ satisfy a very weak condition, i.e., they are admissible, then there are no frames for L 2 (R) generated by dilations of finitely many functions.
By (2.3), ln S possesses a positive lower Beurling density. So S cannot be "too discrete" for r =1 {τ (s, t)ψ : s ∈ S , t ∈ T } to be a frame. Does the same thing occur for T ? The answer is, surprisingly, no! In fact, we have the following. 
Theorem 2.3.

Suppose that ψ(x) is a nonzero, two times continuously differentiable and real-valued function
, xψ(x), ψ (x), xψ (x), xψ (x) ∈ L 2 (R) and ψ(0) = 0. Then there are increasing sequences {s j : j ∈ Z} and {t k : k ∈ Z} such that {τ (s j , t k )ψ : j, k ∈ Z} is a frame for L 2 (R),and(2.4) D − ({t k : k ∈ Z}) = 0.= {k ∈ Z : k ≤ 2 or 2 2l ≤ k ≤ 2 2l+1 for some l ≥ 1}. Then {τ (2 j , k 2 )ψ : j ∈ Z, k ∈ Λ} is a frame for L 2 (R), and D − ( 1 2 Λ) = 0.
Proofs of theorems
We need only to prove Theorems 2.1 and 2.3, since Corollary 2.2 is an obvious consequence of Theorem 2.1.
Proof of Theorem 2.1(1). Let B be the upper frame bound. We will prove that ln S and T are relatively uniformly discrete. It suffices to show that ln S and T are relatively uniformly discrete for any 1 ≤ ≤ r.
Fix some 1 ≤ ≤ r, s 0 ∈ S , and t 0 ∈ T . Let f = ατ (s 0 , t 0 )ψ , where the constant α is chosen so that f = 1. Then
It is easy to check that f, τ(s, t)ψ is continuous with respect to s and t. Hence there is some a > 1 such that
For any j ∈ Z, we have
It follows from (3.1) that #{s ∈ S :
Hence ln S ,n is ln a -uniformly discrete, and so ln S is relatively uniformly discrete. Next we will prove that T is relatively uniformly discrete. By continuity, there is some b > 0 such that
For any k ∈ Z, let x k ∈ R be such that s 0 x k + kb = t 0 . We have
By (3.2), we have #{t
c . Hence we can split T into at most 2q subsequences T ,m , 1 ≤ m ≤ 2q such that
Hence T is relatively uniformly discrete.
Before proving Theorem 2.1(2), we introduce some preliminary results.
Lemma 3.1. For any b > 0, there is some constant
, and any b-uniformly discrete sequence {t k : k ∈ Z},
Proof. By [1, Lemma 42], there is some constant C b such that for any b-uniformly discrete sequence {t k : k ∈ Z} and f ∈ L 2 [0, 1],
3) follows by a change of variable of the form x → x + c. For 
Since {ln s j : j ∈ Z} is ln a-uniformly discrete, the intervals [ for any s j < 1 M < a − 1, using Lemma 3.1 again, we have
This completes the proof.
, ψ for any s = 0, we see from wavelet theory that if f is admissible, then (3.6)
The following lemma is a consequence of the Wirtinger inequality [11] .
Lemma 3.4. Suppose thatf (ω) is compactly supported and continuously differentiable and thatf
for any s j and t j,k for which {ln s j : j ∈ Z} is ln a-uniformly discrete and {t j,k :
Then the Lebesgue measure of Q j,k ∩ Q j ,k equals zero whenever (j, k) = (j , k ) and s j , s j ≤ M . It follows from Lemma 3.3 that for any N > 0,
Hence,
Therefore, χ [1,a] (ω). If α = sup S < +∞, then (3.5) implies that for δ small enough,
By letting δ → 0, we get A = 0, which is impossible. Hence sup S = +∞.
In what follows we assume that ψ is admissible, 1 ≤ ≤ r.
By letting δ → 0 we get A = 0, which is a contradiction. Hence inf S = 0. Next we will prove that inf T = −∞. Choose some f = 0 such thatf is continuously differentiable and suppf ⊂ [1, a] . Since ln S ,n is ln a-uniformly discrete and sx + T ,m := {sx + t : t ∈ T ,m } is b-uniformly discrete for any , n, m and sx, it follows from Lemma 3.2 that for any M > max{a − 1, By letting ∆ → +∞, we get A = 0, which contradicts the hypotheses. 
